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1 Introduction 

cT-models appear in many places in particle and condensed matter physics. The 0(4) 
invariant linear and non-linear cr-models were originally introduced by Gell-Man and 
Levy as a simple framework within which the SU{2)l x SU{2)ji chiral symmetry and 
the partial conservation of the axial vector current were realized ^. The linear model 
is also a good testing ground for some of the general ideas concerning renormalizability, 
symmetries and their spontaneous breakdown. The non-linear models on the other hand, 
incorporate the non-linear realization of symmetries and are used as phenomenological 
models whose tree graphs generate the soft pion amplitudes . In general the dynamical 
fields are maps from the space-time to some target manifold. When the target space itself 
is a Lie group, the corresponding a model is also called a principal chiral model. In this 
case the coordinates of the group manifold are identified with the Goldstone bosons of 
the spontaneous breakdown of a G x G symmetry to the subgroup G. 

In string theory applications the target manifolds have a more complicated structure. 
Their geometry is fixed by some consistency requirements of the string theory itself 0. 

The a models are also encountered in the studies of the magnetic properties of matter 
in condensed matter physics. In this case the coordinates of the target space are somehow 
related to the magnetization order field ^. Some of the behaviour of the magnetic systems 
near their phase transition points are understood by applying the renormalization group 
techniques to its non-hnear cr- model description |^. 

Finally one should also mention the unique perspective offered by these models in the 
study of the role of geometry and topology in the theory of the quantized fields. 

The aim of this contribution is to briefly review some of these topics. No derivations of 
the results will be presented. The plan of the paper is as follows: in section 2 we mention 
some of the places where the principal chiral models and their various decendents appear. 
In section 3 we recount some condensed matter physics applications. Finally in section 4 
we summarize some of the results contained in ref f|6| and f|7| . 



2 The principal chiral model and its generalizations 

The principal chiral models are effective field theories which encapsulate and systematize 
the results of the current algebras on soft meson physics. At the moment there is no 
rigourous derivation of these models from an underlying QCD Lagrangian. However the 
following argument makes their formulation plausible |0,[il- 

In the limit of vanishing (light) quark masses the QCD Lagrangian has a global sym- 
metry group which acts independently on the left and the right handed massless fermions. 
For N flavours of massless quarks this group is U{N)l x U{N)ji. However the hadronic 
spectrum shows only an approximate SU{N) flavour symmetry and there is no parity 
doubling of the meson mutiplets . Therefore this symmetry must be broken. The break- 
down takes place by two different mechanisms. Firstly a f/(l) subgroup is broken by 
chiral anomalies. Then it is assumed that the remaining SU{N)l x SU{N)^ x U{1)v 
subgroup breaks down spontaneously to SU{N)v x f/(l)y. The Goldstone bosons pro- 
duced by this symmetry breaking are identified with the light scalar pseudo mesons. The 
symmetry in this phase is assumed to be realized non-linearly, namely the pseudo scalar 
Goldstone bososns are described by the coordinates of the manifold of the SU{N) group. 
Together with some physical assumptions such as the pion pole dominance one lands 
almost uniquely at an action of the form 

S = ^Jd'x tr{d,Ud,U-') + ... (1) 

where / is the pion decay constant and U G SU{N). The ... in equ. |l| indicate all 
G-invariant terms involving more than two derivatives of U. For the moment we shall 
ignore these extra terms. 

To develop a perturbation theory one writes 



7r(x) = nixYQ^ ^"^^ 

where Qa are the hermitian generators of SU{N). By substituting from equ. ^ into equ. 



ID and expanding in powers of vr we obtain 

S = Jd'x -hrid.TTd^TT) + Qtr{[d,n,n]')+0{n 

The theory obtained in this way is not power counting renormahzable in 4- dimensions. 
This should not come as a surprise, if one remembers that it is only the tree diagrams of the 
action which should be considered for the description of the low energy meson physics. The 
action of equ. ( |l]) displays only the leading term in an expansion in powers of derivative. 
In principle it is possible to add infinite number of terms involving higher derivatives 
of U, compatible with the SU{N) x SU{N) symmetry. The resulting Lagrangian will 
contain an infinite number of phenomenological constants and may be renormahzable in 
some generalized sense. The action of equ. (|l]) also does not generate all the amplitudes 
of the fundamental QCD Lagrangian. For example to reproduce the processes which are 
mediated through the anomalous triangular diagrams of QCD we need to include a term 
which involves four derivatives of U. This is the the Wess-Zumino term |^ which is also 
needed if one requires that the discrete symmetries of the effective theory described by 
equ. (|I]) to coincide exactly with those of the fundamental QCD Lagrangian |T0[. 

The Wess-Zumino term, F can not be written as a manifestly SU{N) x SU{N) invariant 
contribution to equ.( |l|) in 4-dimensions. To put it in a manifestly invariant form one needs 
to embed the Euclidean compactified 4-dimensional space time manifold as the boundary 
of a 5-dimensional space in the group manifold [^ . One then writes T = k J u , where 
cu is a closed 5-form on the group manifold. To extend the group valued function U{x) 
from the 4-dimensional boundary to the 5-dimensional space creates some ambiguity in 
physics which can be removed by assuming that the coupling constant k is an integer. 
Witten has argued that this integer should equal the n of the colour SU{n) group. The 
addition of this term has interesting consequences both in 4-as well as in 2-dimensional 
space-times. For example in the 4-dimensional case, Witten has shown that the solitons 
of the (T-model will behave as fermions (bosons) ii k = n is odd (even) ||TT|. 



In 2-space-time dimensions the theory defined by equ.( |T]) is renormahzable. There 
is a logarithmic divergence at the 1-loop order, which can be defined away by a simple 



coupling constant renormalization 

where // is the scale of definition of /. The running of the coupling is therefore governed 
by the renormalization group equation 

df .... Nf 

The /?(/) is negative and / = is an UV stable fixed point. The asymptotic freedom 
of the model makes it an interesting analogue of more realistic models like QCD in D = 4. 

The inclusion of the WZ-term to the 2-dimensional action changes the picture dra- 
matically |12|. Indeed starting from 



S = ^J£x tr{d^Ud^U) + kVwzw (3) 



4/2 
Witten has shown that 

/vf3 r / pk-\^ 

(4) 
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In equ.( ^ ^wzw is the Wess-Zumino- Witten term which is defined in a manner 
analogous to the 4-dimensional case, namely as an integral over a 3-dimensional ball 
whose boundary is identified with the compactified 2-dimensional space-time |1^ 



Twzw = 7^ f d'x e^''hr{g-'d^gg-'d,gg-'dxg) (5) 

247r JBs 

For the same reason as in 4-dimensions, the constant k must assume integer values 
only. 

Now returning to equ.( ^) we see that in addition to the origin the (3 function vanishes 
also at a non-zero value of the coupling constant, namely at /^ = 27i/\k\ Unlike the 
origin, the new fixed point fc is an IR stable point. The theory defined at fc is conformaly 
invariant and at this value of / the physics can be described in terms of the representation 
theory of two copies of commuting Kac- Moody algebras. These algebras are generated by 
the separately conserved left and right moving Noether currents derived from the action 
integral of equ. (H) [l^ . 



An obvious generalization of the model defined by equ.(P is obtained by replacing 
the target space G by one of the factor spaces G/ H of G. For example for G/ H = 
SU{2)/U{1) = GP^ the Lagrangian may be defined by 

L = ^d^n.d^n (6) 

where n^ = 1 is a vector describing a 5^ = GP^. The Theory is renormalizable at D = 2, 
where it is also asymptotically free. For D > 2 it has been shown that ||^. 

/3(/) = {D- 2)/ - ^f (7) 

Thus for D > 2 the asymptotic freedom is lost and a non-trivial ultraviolet stable fixed 
point is generated at fc = 2-n{D — 2,). If the Euclidean Lagrangian of equ.( ||) is interpreted 
as the Hamiltonian of a classical Heisenberg ferromagnet, then fc will correspond to a 
critical temperature for the transition to a disordered phase. 

Of course the most ambitious generalization of the action of equ.( |I]) is constructed 
by replacing the target space by an arbitrary manifold M with coordinates 0", a = 
1, 2...dimM, and by writing the most general action 

S = j d^'x {^gab{<P)d^rdy' + Aa,{(t))d^rd,(p'e^'' + ....) (8) 

where gab{(p), Aab{<P): ■■■ are tensor fields on M. The D = 2 version of equ.( H) has 
been used to obtain effective field theoretical description of the low energy dynamics of 
the massless modes of the string theory. In this case the field equations determining the 
dynamics of Qab, Aat,-- are obtained by the requirement of the conformal invariance of the 
theory defined by equ. (P) [Q. 

3 SU(2)- Quantum Magnets and the 0(3) invariant 
(J- mo del 

Now we turn to a very brief discussion of the magnetic systems. The analysis of the spin 
Hamiltonians has been a source of many interesting and important results in physics and 
mathematics. Physical concepts like spin waves, magnons and mathematical ideas like 

6 



Yang-Baxter equations and the quantum groups infact have their roots in the studies of 
such systems. 

Consider a lattice of points r G Z" and attach the SU{2) generators S*", a = 1, 2, 3 to 
the sites r of the lattice. The Heisenberg Hamiltonian is defined by 



^ / 



(9) 



where Jj^^r; are assumed to be translationally invariant exchange energies. The gener- 
ators of course satisfy the usual SU{2) Lie algebra at each site, viz, 



[S^,S^,] =te''^^S^^6r,r' 



(10) 



Exact solutions of the Hamiltonian of equ. ( ^ are known only in D = 1 [T^ . Therefore 
to understand the physics in higher dimensions the best we can do at present is to resort 
to approximation schemes. The spin wave analysis is one such method which can be 
applied in any number of dimensions to understand the longwavelength physics of the 



fluctuations around a semi-classical ground state [^]. 

Let us consider an isotropic D = 1 magnet with a nearest neighbour interaction. 



H 



J 



/ , br-br 



+1 



;ii) 



Assume that at each site the Sr are given by a set of Pauli matrices. Then for J 
negative, the ground state will be given by a configuration in which all the spins are 
parallel. 



(12) 

The state is an exact (ferromagnetic)-eigenstate of the Hamiltonian of equ. ( |Tl|) . For J 
positive on the other hand, the construction of an exact ground state is too complicated. 
However a semi-classical (anti-ferromagnetic) ground state, called the Neel state, can be 
envisaged in which the pairwise neighbouring spins point in opposite directions. 



(13) 



Such configurations can be constructed on any bi-partite lattices. One can also generalize 
them to the spin chains with arbitrary values of the spin s. 

To study the effects of the thermal and quantum fluctuations on the magnetic order, 
one defines an order parameter n, the so called staggered magnetization 

n = Y.{-)^''Sr.h (14) 

r 

Clearly in the semi-classical ground state we have 

<0|n|0>^0 (15) 

This could indicate the spontaneous breakdown of the rotational symmetry of the system. 
The corresponding Goldstone bosons are the spin waves or the magnons[4]. 

So far we have only summarized the standard lore. However in 1983 there was an 



interesting observation by Haldane |15| that the long wave-length fluctuations of n in the 



s — »• cxD limit of the Heisenberg chain equ.( 11), can be described by an 0(3) invariant 



cr-model with a topological term. The corresponding Lgrangian is given by 



L = ^d,,nY + ee^^'^n.d^n x d,n (16) 

together with rj? = 1. Here p = 2/s and 9 = s/4. Noting that 

/ (fx e^^n.d^n x d^n = STc.integer (17) 

we see that the 6 term in equ. ( |TB|) can be relevant only if s is a half integer number. It 
is known that for 6* = the model described by equ. (^) is always disordered [^. The 
spectrum consists of a triplet of massive states. It was conjectured by Haldane that the 



s = half integer chain is gapless. Furthermore Affleck and Haldane argued fl^ that the 
universality class of the critical chain is a SU{2) Wess-Zumino-Witten model of the type 
given by equ. (|]) with k = 1. 

One might expect that starting from a 2-dimensional lattice rather than a chain, one 
should obtain a (2-1-1)- dimensional fleld theory analogous to the one deflned by equ. (p^Gf). 
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In this case it is better to introduce a complex 2-vector 

Z2 

which is related to n by n" = z'^a^'z where a"", a = 1,2,3 are the Pauli spin matrices. 
It is also assumed that z'^z = 1. Thus a phase redefinition of z will leave n invariant. 
Therefore z can be regarded as the homogeous coordinate of a point on CP^ which has 
the same topology as a 2-dimensional sphere S"^, described by the unit vector n. It can 
be shown by direct calculation that 

\id,nr = \{d,-zA,)zf (18) 

where 



A, = -'-{z^d,z-d,zh) (19) 

In 2+1 dimensions there is a topologically conserved current, viz, 

jM = _irt^'^^n.d^n X dxn (20) 

= ^e^'^'F,, (21) 

where 

F,x =d,Ax-dxA, 

= -i{d^z^d^z - d^z^d^z) 

Therefore a natural (2+l)-dimensional generalization of equ.( |1^) would be 

L = ^,{d,ny + ej,A>^ (22) 

= ^\{d, - iA,)z\' + ^^"'^'^.^^A (23) 



This model has soliton like solutions [17] and it has been shown by Wilczk and Zee [IS 
that they behave like bososns for ^ = and like fermions for ^ = vr. The cause of 
this phenomenon is basically the non-local interaction which is obtained by solving the 
algebraic field equations of the A-field and substituting the result back in equ. 



For arbitrary values of 9 the statistics of the sohtons should interpolate between the 
ones of Bose-Einstein and Fermi-Dirac, which is also called anyon statistics |1^. The 
mechanism of statistics change could induce interesting physical effects such as supercon- 
ductivity. Unfortunately, however, unlike equ. (|TB|), the term in equ. (20) does not seem 
to be present in the large s-field theoretical description of the planer magnets [PD|]. 

It is interestingl to note that the conserved charge Q of the topological current J^ of 
equ. (^0|) is given by, 

Q = — I Sx e^^'^n.d^n x d^n 
By virtue of equ.( [1^) this is an integer. 

4 Some generalizations 



Affleck 1^ and independently Read and Sachdev |2^ have generahzed the group SU{2) 
to SU{N) by simply regarding the Sr°' in equ.( |ll|) as the SU{N) generators. In this case 
of course the range of the index a will be from 1 to A^^ — 1. It is also assumed that the 
representation content of the generators is independent from the site index r. 

This generalization opens up interesting new possibilities. For example by regarding 
A^ as a new independent parameter one can now apply the well known method of 1/A^ 
expansion to study the system's behaviour for large values of A^. In some sense this is 
similar to the large s approximation of the ordinary SU{2) model. Indeed interesting 
results have been obtained in this way about the critical behaviour of the system by 



Affleck and Marston |2^ and, by Read and Sachdev ^2 . 

It is possible to give a generalization of the concepts of ferromagnetic as well as of the 
anti- ferromagnetic orders in this broader context. The dynamics of the long- wavelength 
fluctuations will still be governed by a field theory for which the dynamical variables are 
maps from the space-time manifold to a factor space G/H of G. The subgroup H is the 
invariance group of the generalized magnetic order. Here we shall summarize some of the 
results of this study as carried out in and [0] . To this end the coordinates of G/H will 
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be denoted by 0^ where /i = 1, 2, ...dirrijj. It will always be assumed that H contains the 
maximal Abelian subgroup of G. The coset corresponding to the point G G/ H can be 
represented by a group element -L(0). This representation is of course not unique. The 
action oi g E G on G/H which maps — > 0' = </)'{(/), g) is defined by gL{(f)) = L{(f)')h 
where h = h{(f), g) G H. The detailed form of the functions 0'(0, g) and /i(0, g) depend on 
the representative element L(0). The G-invariant geometry of G/H can be constructed 
from the pull-back of the Mauer-Cartan forms L{(f))^ dL{(j)) . These forms take their 
values in the Lie algebra of G. Thus, they may be expanded on a basis Q" of this algebra 

L{(P)-'dL{(P) = e"g, = -A^Hj + e"Q<5 
where the generators Qa satisfy the commutation relations 

The generators of the Cartan subalgebra are denoted be Hj and the Q^ are the remaining 
generators. 

Now to each site r of the lattice attach the weight vectors A^. These are eigenvectors 
of the generators Hj ,viz, 

Hj\Kr_ >= \Ar_ > A.rj 

The semi classical ground states of the system are defined in terms of a distributions 
of these vectors on the lattice. We assume that in the ground states the lattice can be 
decomposed into translationally invariant sublattices such that in each one of them the 
distribution of the A's is site independent. If there is only one translationally invari- 
ant sublattice we call the corresponding ground state ferromagnetic. The generalized 
anti-ferromagnetic ordering corresponds to the presence of more than one translationally 
invariant sublattice. 

With this notational background we are now in a position to state some of our results. 

1) For the generalized ferromagnetic ordering the dynamics of the long-wavelength 
fiuctuations are governed by a set of non-relativistic field equations which reduce to the 
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Landau-Lifschitz equations in the special case of G = SU{2) and H = U{1). These 
equations have the following form: 

t 2 

where we have assumed an isotropic coupling J < and where the "Laplacian" A is 
defined by 

Ar = dU" + k^p{dxkp^ + d^k,^ - d,kx^)d^<j)%r 

Here k^^ is a G invariant tensor on G/H and F^j^^, = d^j_Ay — duA^, where A^ = Afj,-'Aj 
Thus it is seen that the equations are intrinsically non-relativistic, i.e. they involve a 

first order time - and second order space derivatives. 

It is not difficult to verify that for G/H = SU{2)/U{1) these equations reduce to the 

phenomenological Landau-Lifschitz equations, 

hdm = sn X V^n 

2 - 

where s is the spin and n is a unit vector describing the target space S'^. 

2) For the generalized anti-ferromagnetic order we also in general obtain non-relativistic 
low energy effective field equations. However in this case, unlike the ferromagnetic or- 
dering, the low energy dispersion relations of the small oscillations have a linear form, 
viz, uj ~ \k\ as \k\ -^ 0. These models become relativistic only if G/H is a symmetric 
homogenous space, such as the Grassmanianns g^,J^^ ^ su(m)x uw 

With two translationaly invariant sublattice in D = 1, the dynamics of the long 
wavelength fiuctuations of the staggered magnetization is governed by 



S = d X 



where gab{4>) is another G invariant tensor field on G/H. If the space is symmetric, 
then there will be -up to a normalization- a unique second rank symmetric G-invariant 
tensor field on G/H. This means that the tensors Qab and kab will be proportional and 
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therefore the action will be relativistic. In general however there are more than one such 
fields and the model -as stated above- is not Lorentz invariant. 

The tensors gab and kab are the coupling constants of our system and one may ask 
about their running under the renormalization group transformations. Indeed the 1-loop 
RG equations can be set up in quite general terms. As an example we have examined these 
equations for the fiag manifolds of the form ^,-^. ^ Jud) ^^'^ shown that in D = 2 + e 
the equations admit a non-trivial fixed point at which the theory becomes relativistic, 
i.e. the tensors Qab and kab become proportional. This point is a generalization of the 
Polyakov fixed point given by equ.(|^). At this point there is an enlargement of the global 
symmetries. One can find new discrete coordinate transformations on G/H which leave 
the effective fixed point theory invariant. 

3) The 6 term is also generated for the generalized 1-dimensional antiferromagnetic 
systems. This term is rather like the 6 term in QCD and for a system with two trans- 
lationally invariant sublattices it is given by ^ J F, where F is as defined above the 
pull-back of the canonical U{1) connections. The weight vector defining the representa- 
tion content of semi-classical antiferromagnetic ground state entering into the definition 
of F is A = Ai = — A2 , where Ai and A2 are the two weight vectors associated with the 
sublattices 1 and 2 respectively. 

4) The models admit finite action solution of Euclidean field equations with non- 
zero values of / F. These solutions can be regarded as the generalizations of the soliton 
solutions of the CP^ models. 

Acknowledgment : We would like to express our thanks to Anwar Shiekh for helping 
us with type setting and proof reading. 



13 



References 

[1] M. Gell-Mann and M. Levy, Nuov.Cim. 16 (1960) 705 

[2] S. Weinberg, Phys.Rev.Lett. 18 (1967) 188, 507 and Phy.Rev. 116 (1968) 1568 

[3] E.S. Fradkin and A. A. Tseytlin, Phys.Lett. 158B (1985) 316, ibid (1985) 69 and 
Nucl.Phys. B261 (1985) 1 
C.G. Callan, D. Friedan, E.J. Martinec and M.J. Perry, Nucl.Phys. B262 (1985) 593 

[4] For a recent review see, for example I. Affleck in Strings, Fields and Critical Phe- 
nomena Les Houches Summer School 1988, session XLIX, edited by E. Brezin and 
J. Zinn-Justin, (North Holand, Amsterdam, 1990), 

E. Fradkin, Field Theories of Condensed Matter Systems (Addison- Wesley, Redwood 
City, CA,1991) 
E. Manousakis, Rev.Mod.Phys 63 (1991) 1 

[5] A.M. Polyakov, Phys.Lett. B59 (1975) 79 

E. Brezin and J. Zinn-Justin, Phys.Rev.Lett. 36 (1976) 691 
D.R. Nelson and R.A. Pelcovits, Phys.Rev. B16 (1977) 2191 



[6] 
[7] 



[9 
[10 

[11 
[12 



S. Randjbar-Daemi, Abdus Salam and J. Strathdee, Phys.Rev B48(1993) 3190 

S. Randjbar-Daemi and J. Strathdee, Int. J. Mod.Phys. A8(1993) 3509 

See e.g. S. Weinberg, Physica A96 (1979) 327 

H. Leutwyler, On the Foundations of Chiral Perturbation Theory BUTP- 93/24 

J. Wess and B. Zumino, Phys.Lett. 37B (1971) 95 

E. Witten, Nucl.Phys. B223 (1983) 422 

E. Witten, Nucl.Phys. B223 (1983) 433 

E. Witten, Comm.Math.Phys. 92 (1984) 455 



14 



[13] H.A. Bethe, Zeit.f.Phys. 71 (1931) 205 
R.L. Orbach, Phys.Rev. 112 (1958) 309 
R. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press 1982 

[14] C Kittel, Quantum Theory of Solids, Wiley, New York (1963) 

[15] F.D.M. Haldane, Phys.Lett. 93A (1983) 464, Phys.Rev. Lett. 50 (1983) 1153 

[16] I. Affleck and F.D.M. Haldane, Phys.Rev. B36 (1987) 5291 

[17] A.A. Belavin and A.M. Polyakov, JETP Lett. 22 (1975) 245 

[18] F. Wilczek and A. Zee, Phys.Rev.Lett. 51 (1983) 2250 

[19] F. Wilczek, Phys.Rev.Lett. 48 (1982) 1144 and 49 (1982) 957 

[20] E. Fradkin and M. Stone Phys.Rev. B38 (1988) 7215 
F.D.M. Haldane, Phys.Rev.Lett. 61 (1988) 1029 
X.G. Wen and A. Zee, ibid 61 (1988) 1025 
D. Domber and N. Read, Phys.Rev. B38 (1988) 7181 

[21] I. Affleck, Nucl.Phys. B257 (1985) 397, ibid B265 (1986) 409 and B305 (1988) 582 

[22] N. Read and S. Sachdev, Nucl.Phys. B316 (1989) 609 and Phys.Rev. B42 (1990) 
4568 

[23] I. Affleck and B. Marston, Phys.Rev. B37 (1989) 3774 



15 



